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Chapter 1

Introduction

Having its roots in computer science, artificial intelligence evolved from simple graph or heuristic-based
methods to increasingly more complex solutions to face the tasks placed upon it. These tasks can range
from applying clustering or regression on simple datasets to learning patterns in highly dimensional data
using machine learning. The latter of the two has received far greater amount of attention recently, due to
its capability to perform tasks that would be intractable using classical algorithms [Russell and Norvig,
2016].

The types of data that can be used to train machine learning algorithms are as varied as the types of
architectures that can be used to learn from it. Some data types are easily represented as vectors, while
others are not. Among the types of data that are easier to vectorize, we can find tabular data and images.
As we try to apply the same methods to more complex things such as video, sound, or natural language,
the challenge of effectively encoding the underlying structure of the data comes into play [Goodfellow
etal., 2016].

Another type of data which is not trivial to encode as vectors is graph data. A graph has 2 main
components: its nodes and their relationships, or edges. Although node attributes are easy to encode,
their relationships are not. The core challenge of applying machine learning algorithms on graphs lies in
finding a suitable approach to distill the node relationships into vectors [Zhou et al., 2020].

Another challenge is ensuring that the model is invariant with regard to graph isomorphism. The
nodes of a graph have no particular order, but they have to be presented to the model in a certain order
nevertheless. This has to be also taken into account when building the algorithms, such that the same
output should be given for 2 identical graphs whose node order is different [Bronstein et al., 2021].

Graphs are an incredibly versatile data type. Most things in the real world can be described using
graphs because the world in its essence is interconnected. Graphs have been used to model things like
societies, computer networks, molecules and many more [Brandes et al., 2013; Engel, 2006; Riaz and
Ali, 2011]. Something that is of great interest that can be modeled as a graph is physical space and its
topology. In 3d graphics, the illusion of a solid object is given by representing its surface using meshes
[Shirley et al., 2009]. Physical space can be transformed into a mesh by using Lidar (light detection and
ranging) and a face reconstruction algorithms [Wang et al., 2018]. We can then translate the meshes into

graphs by turning each triangle or polygon into a number of edges. The ability to represent physical
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space in this format gives us a great incentive for developing graph centered machine learning methods.

One problem that generally plagues neural networks is their robustness. Small variations in the input
data can drastically decrease a model’s accuracy. One example of such a difference is applying a rotation
to an image. While a human being would naturally recognize the contents of a picture no matter in what
angle it is presented in, machine learning models do not inherently posses this capacity. A technique
that tries to counteract this weakness is repeatedly presenting the same input to the model under different
transformations [Goodfellow et al., 2016]. Going back to the image example, an approach that is used in
some cases is rotating the image by a number of degrees and showing each rotated version to the model
individually. This improves the robustness of the model by some amount, but it has the disadvantage of
increasing the training time by a factor of n, where n is the number of angles considered during training,
This is caused by the need to evaluate the same input n times, once for every transformation applied to it.
Rotating the inputs a few times does not however guarantee that the model will learn rotation invariance
from the provided examples, it only encourages it to approximate it.

Applying this technique to image data is computationally expensive, but when using the same ap-
proach for 3-dimensional meshes, the situation only gets worse. If only considering rotation invariance,
the given input would need to be rotated n times along all 3 axes, not just one. This increases the num-
ber of training inputs by a factor of n?, which is intractable. Another approach would be to build this
invariance directly into the model. This eliminates the need to repeatedly evaluate the same input under
different perspectives, saving a large amount of computation time.

Plenty of approaches implement a combination of translation and rotation invariance or equivariance
into the model architecture, but so far no approach attempted to also incorporate scale invariance/equiv-
ariance. This observation is the starting point of our research, which has 4 main objectives: The first
objective is to ascertain the degree to which existing models are influenced by changes in input rota-
tion, position and scale. This serves to determine the importance of incorporating invariance to these
transformations into the models, and the drawbacks we might face if we do not do so.

Another objective is to determine what drawback implementing invariance into the models has on
the overall performance. Obtaining invariant features involves hiding information from the input that
could be changed by the transformations the model is meant to be invariant to. This information loss
is more than certain to result in a lower performance in the best case scenario. The magnitude of this
performance drawback needs to be determined and put into balance with the benefits brought by the
increased robustness of the model.

The third objective of this research is to devise a method that can be used to create models that are
scale invariant/equivariant in addition to the rotation and translation invariance/equivariance proposed by
previous work. This objective ties in with the first one, offering a solution to the performance degradation
caused by the possible scale differences between the training data and the inputs presented to the model.

The final objective of our work is to build a model that incorporates rotation, translation and scale
invariance/equivariance, all at the same time. This will be achived by extending existing work with
the approach we will use to obtain scale invariant features. Extending an existing model with another

invariance type grounds our approach in previous work and serves as a blueprint for extending other
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solutions with the same property.

Finding answers to these research questions has led us to the following contributions:

1. We are the first to propose a model that is invariant/equivariant to rotation, translation and scaling

at the same time

2. We solve the scale invariance problem by proposing a local, graph-neighborhood based scale nor-

malization approach that is more robust than global scale normalization.

3. We show experimentally that transforming an object by using translation, rotation or scaling
greatly reduces a model’s performance, if the model does not have invariance to the transformation

built in.

4. We provide formal proofs for the correctness of our approach and of the chosen invariant feature.

The rest of this thesis is structured as follows: In chapter 2 we discuss the principles of geometric deep
learning and graph neural networks. In chapter 3 we argue for the importance of scale invariance/equiv-
ariance and the drawbacks of global scale normalization. In chapter 4 we propose a model that presents
the aforementioned properties and give details about our architectural choices. In chapter 5 we test the
performance degradation of our model and several others on inputs transformed using scaling, rotation
and translation. In chapter 6 we formally prove that the proposed convolution block is invariant/equiv-
ariant to the 3 transformations. Lastly, we give some concluding remarks and proposals for future work

in chapter 7.



Chapter 2

Geometric Deep Learning & Graph Neural Networks

The two main topics our work is based on are geometric deep learning and graph neural networks. In what
follows we will begin to explore the main ideas of geometric deep learning by referring to [Bronstein
et al., 2021].

Geometric deep learning is a branch of deep learning that emphasizes making use of the underlying
symmetry groups of a problem when building a model, in order to constrain the possible functions
it is able to approximate to ones that are equivariant or invariant to the symmetries of the problem’s
domain. If a function is equivariant it means that applying a transformation from the symmetry group
to its input will yield the same transformation to the output (7' f(z) = f(Tx)). When a function is
invariant it means that applying a transformation from the symmetry group to the input will yield no
effect to the output (f(z) = f(T'z)). Some geometric domains that have underlying symmetry groups
are sets, graphs, grids, Euclidean spaces, meshes and many more. One example of a symmetry group is
translation symmetry for grids. A model that is widely used that takes advantage of this symmetry is the
convolutional neural network (CNN). If we interpret an input image as a grid, the CNN’s convolutions
are translation equivariant, due to the shared parameters of the convolution kernel. In other words, by
shifting the input image by a certain amount, the output of the convolution layer is shifted in the same
direction by the same amount.

Another example of a symmetry group is permutation symmetry for graph and set data. The elements
of a set or the nodes of a graph do not have an inherent order. That is to say that writing the elements as
{A, B,C} or {B, A, C} specifies the same graph or set. Unfortunately, the data has to be processed by
the computer in some order or another, so that needs to be taken into account when building permutation
invariant/equivariant models.

In the case we are working with spatial data such as positions or directions in Euclidean space, we
need to take into account symmetries like rotation and translation. In certain cases, it should not matter
if an object is moved or rotated when being considered by the network. In other words, a chair remains a
chair even if it is rotated by 90 degrees, and the model’s output should not be influenced by the rotation.
The same holds true for shifting the coordinates of the object by a certain amount. If the object is not in
the center of the scene, it does not mean that it is a different object. Building these symmetries into the

model can be helpful in situations when we can expect the object put under scrutiny not to be found in a
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canonical position and orientation.

Moving on from geometric deep learning, we will give a brief overview of graph neural networks by
referring to [Zhou et al., 2020]. When working with graph type data, one can choose between a number
of tasks. These can be node-level, edge-level or graph-level tasks. One example of a node-level task
is predicting the attributes of a given node by means of the attributes of the node’s neighbors. Other
node-level tasks can include classification, clustering and so on. Edge-level tasks can take the form of
predicting whether there is some relationship between a node and another based on the nodes’ attributes.
Graph-level tasks imply combining the information from all the nodes and their relationships into a single
embedding, and then using it to perform a task like classification, clustering and more.

Neural networks that work with graph data are called GNNs (graph neural networks). These are
generalizations of the well known convolutional networks. They are an extension that is meant to work
with graph data instead of image data. The main elements of a GNN are a series of graph convolution
layers. The outputs of the graph convolution layers can be processed further using other architectures
like feed forward networks, or they can be used as they are. A single graph convolution layer consists
of a convolution or recurrent operation that can be optionally paired with a sampling operation for the
input, and a skip connection or a pooling operation for the output. The output of the convolution blocks
can take the form of node embeddings, edge embeddings or even whole graph embeddings, in the case
that all the upstream values are merged into a single embedding using one or more pooling operations.

The approaches used to build graph convolution operators can be split in 2 main categories: spectral
approaches and spatial approaches. Spectral approaches first transform the graph into the frequency
domain and only then apply the convolution operation. After the convolution is performed, the graph is
transformed back using the inverse Fourier transform.

This approach is well studied, but it has the disadvantage that a model built in this manner cannot be
adapted from a graph’s structure to another’s. The other downside is that this method is computationally
expensive. The other type of approaches that can be used for graph convolution are spatial methods. In
this case, the convolution takes place directly in the spatial domain, avoiding many expensive computa-
tions.

There are several types of spatial convolution blocks of varying complexities, ranging from basic
spatial approaches to attention and message passing based techniques. Basic spatial approaches perform
a simple aggregation, like the sum, or the mean, over the neighbor set, and then combine the result of the
aggregation with the state of the current node using different methods.

Looking further into attention based approaches, we will refer to the graph attention networks in-
troduced in [Velickovic¢ et al., 2017]. The core idea of the attention based architectures is to employ a
learnable, non-linear transformation that takes as input two nodes’ features and has as a result an atten-
tion score (a scalar). The attention score of node j with respect to node ¢ indicates how relevant node
J is to node ¢ when computing node ¢’s representation in the next layer. These scores are used to give
different weights to each node in a neighbor set, allowing the network to focus on certain inputs more

than on others. The architecture employed by the authors can be described as follows:
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el; = a (W'n,, W'n}) 2.
l
I I exp(eij)
a;; = softmaxy,(e;;) = (2.2)
’ 7 Yken, explel)
héJrl =0 Z aélehé- (2.3)

JEN;

In equation 2.1, elij represents the unnormalized attention score of node j with regard to node ¢ at
layer . hﬁ and hé- are the features of node i and node j at layer I, and T/ is a linear transformation that is

I'is a non-linear transformation

used to transform the node features into a higher order representation. a
that takes the transformed nodes features and turns them into a scalar. This computation is applied
independently for every node in the neighbor set.

After having computed the unnormalized attention scores, the next step is to normalize them using
the softmax function applied over the neighborhood of every node, as seen in equation 2.2. This operation
will yield an attention score (aﬁj) for every node j in node ¢’s neighborhood. The scores sum up to 1,
giving rise to a convex combination when used in a weighted sum.

The representation of node h at layer [ + 1 is finally computed using equation 2.3. The node features
of the neighbors at the current layer hé— are first transformed using the same linear transformation used
when computing the attention scores (W!). The transformed node features are then multiplied by their
respective attention score (aé j) and summed. The convex combination of the transformed node features
is passed through a final non-linearity (o) to obtain the final result. Several attention heads can be used
at each layer, and their outputs can be combined by either applying a mean pool or concatenating them.

Moving on to message passing neural networks, we will give a brief description of the general frame-
work used when developing such a network by referring to [Gilmer et al., 2017], where the concept was
first introduced. The authors unify previous graph neural network architectures under a common for-
malism called message passing graph neural networks. This idea was later used to develop many new
architectures, being a significant stepping stone in this line of research. The main idea of message pass-
ing GNNs is breaking down the network into a series of composable operations: a message function, a

vertex update function and a graph readout function.

méj = Ml(hia hé? eij) (2.4)

mp= Y mj (2.5)
JEN;

it = U (b, m}) 2.6)
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y = R(hF|i € G) 2.7

The message function is a learnable, non-linear transformation, that is used to compute the message
to be sent from one node to another. In equation 2.4, M’ is the message function used for layer [. This
function is applied for every node j in the neighborhood of every node ¢. The inputs of this function are
the features of node ¢ and j (h;, h;), and the features of the edge found between node 7 and node j (e;;).
The edge feature is only used in the case that the graph also contains edge information. The result of this
operation will be the message passed from node j to node ¢ at layer [ (méj).

After the messages have been computed, the next step is the vertex update operation. For every
node, the messages sent from its neighbors are aggregated using a permutation invariant function like the
sum, as seen in equation 2.5. The aggregated messages (mﬁ) and the features of the node at layer [ (hé)
are passed through another learnable non-linear function (U') to get the node features at the next layer
(R,

The message passing and vertex update operations are repeated for every subsequent graph convolu-
tion layer. After the final convolution is executed, the node features computed at the last layer (hL) can
be aggregated using a permutation invariant function (1), to obtain a single graph embedding, as seen in
equation 2.7. This is only necessary for graph level tasks, we can use the node embeddings as they are
in other cases.

One example of a message passing neural network is the edge convolution architecture introduced in
[Wang et al., 2019].

Wt =" MY (L nh - hy) (2.8)
JinN;
The update formula for an edge convolution block is described by equation 2.8. The message to a node ¢
from its neighbor j is computed by applying a non-linear learnable function M’ on the features of node
i at layer [ (hﬁ) and the difference between the features of node j and node ¢ at layer [ (hé- — hé). This
convolution block does not have an update function, it constructs the representation of the node at the
next layer by using only the message computation’s non-linearity instead.

Having discussed the main ideas of geometric deep learning and graph neural networks, we will
now look into architectures that incorporate invariance/equivariance to certain 3d transformations. The
model introduced in [Satorras et al., 2021] introduces a convolution block that is equivariant to rotation
and translation, or the E(3) Euclidean group. In order to achieve these properties, the model computes
the messages passed from one node to another by only using the non-spatial attributes of the nodes and
the squared distance of their positions. The reason this leads to rotation and translation equivariance is
that the distance between 2 points remains the same no matter how they are rotated or translated. After
the message passing step, the non-spatial and spatial attributes are updated individually, leading to E(3)
equivariance for the operation applied on the spatial information and E(3) invariance for the operation
applied to the non-spatial information. We will explore this model in more detail in chapter 4, where we

will explain how we extended it to also incorporate scale invariance/equivariance.



CHAPTER 2: GEOMETRIC DEEP LEARNING & GRAPH NEURAL NETWORKS

When looking for models that incorporate E(3)+scale equivariance/invariance, we were only able to
find a model that is rotation invariant/equivariant and that claims it can be modified to also incorporate
translation and scale invariance/equivariance [Chen et al., 2022]. This claim only holds true however for

the equivariance property and not for the invariance, which we will see in a moment.

w; = Ojen, M (s, hh, sl — &) (2.9)
s' = Wis © (Wy,h/|[Wi,hll) (2.10)
B =Wih+ W, Q(s) (2.11)

Q(s). = <sc, §||> (2.12)

The rotation equivariant/invariant model is described in equations 2.9, 2.10, 2.11, 2.12. Similarly to
[Satorras et al., 2021], the model treats the spatial and non-spatial information separately. In equation
2.9, we can see the vertex update function, which is equal to the messages passed to a node from its
neighbors aggregated using a permutation invariant function (0J). hé represents the non-spatial attributes
and sé the spatial attributes of node ¢ at layer /. Equation 2.10 computes the spatial compnents of the
message. It uses a number of linear transformations (WW!) and a channel-wise multiplication (®) between
the spatial (s) and non-spatial (h) components from the previous layer. In order to update the non-spatial
components, the model uses equation 2.11. The computation involves a number of linear transformations
and a sum applied on the non-spatial information from the previous layer (h), and the spatial information
(s) passed through a transformation the authors call the invariance function (£2).

The definition of €2 can be seen in equation 2.12. The purpose of this function is to produce an
invariant feature from the spatial information. The model is meant to be rotation equivariant, so the

output of the function must be rotation invariant. This is achieved by using the dot product between all

I _
J

these vectors <ﬁ) This will reduce every input vector to a scalar that is equal to its norm multiplied

the vectors passed as spatial information (s! and s’ — s at the input layer), and the normalized mean of
by its cosine with the mean of all the spatial input vectors: Q(s). = ||sc||cos(s¢, 5). The cosine does not
change if the points are rotated and neither does the norm of the vectors, so the rotation invariance holds.
The problems start appearing only when extending the model with translation and scale equivariance.

wi = Ojen, M (B}, s — sl) (2.13)

The authors suggest to introduce translation equivariance/invariance by changing equation 2.9 to
equation 2.13, by removing the absolute positions from the input of the message computation. This
will only leave 1 input vector for the spatial information (sg- — sé), so the mean of all the input vectors

will be equal with the only input vector (s = 5). For the input layer, this will turn omega to 2(s). =

10
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|[sc|lcos(se, 5c) = [[scll-

Q(s)
W =Wih+W!, " (2.14)
" "l1(s)]]

The authors suggest to further extend the model with scale equivariance/invariance by replacing equa-
tion 2.11 with equation 2.14. As we have seen, by introducing translation invariance/equivariance
Q(s) becomes a 1 element vector equal to ||s||. If we then normalize Q(s) by its length, we will get

IISEz;II = [H‘;H] = [1]. In essence, the geometric information is entirely discarded from the invariant fea-

ture through a series of computations that yield the same result regardless of the input. The input vector
can be linearly transformed into several vectors at the latter layers, but a similar situation takes place
there aswell. To give a more concise explanation of the problem, if we don’t use the absolute positions,
the orientations or the lengths of a vector, what else is there to it?

Moving on to other architectures that implement invariance or equivariance, we can see a number of
examples that use the attention based approach. In [Le et al., 2022a] the authors implement a transformer
based model that uses the distance between 2 points to obtain equivariance to the SO(3) group (rotation
equivariance). The authors of [Le et al., 2022b] propose an E(3) equivariant transformer-based GNN.
Instead of using the distance between 2 graph nodes as the equivariant feature, they embed the relative
positions of 2 nodes into a higher order representation using spherical harmonics. In [Liao and Smidt,
2022], the authors create an SO(3) (rotation group) equivariant transformer-based gnn. The equivariant
feature is created by using spherical harmonics, similarly to the approach taken in [Le et al., 2022b]

There are an enormous number of other models that implement either E(3)/SE(3) or O(3)/SO(3)
invariance/equivariance, but virtually none that include scale invariance/equivariance alongside one or

the other. This observation is the basis of the work done in this thesis.
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Chapter 3

Scale Invariance & Equivariance

As we have discussed in the previous chapter, there are plenty of graph neural network models that
implement invariance/equivariance to translation, rotation or a combination of the 2. As for now, the
literature contains no examples of a model that implements rotation, translation and scale invariance or
equivariance at the same time.

Scale invariance/equivariance is useful in situations when we expect the inputs to lie on a wide range
of scales or the true scale information about an object cannot be extracted from the dataset. What we
want to achieve by incorporating this type of invariance/equivariance into the model is making it only
discern the nature of an input by its shape, not by how large or small the shape is.

There would be no reason to also incorporate scale equivariance/invariance into the model, if we
could easily normalise the input into a certain range, a common practice in any machine learning project.
In this chapter we will discuss the problems that come with using normalization as a preprocessing step
in the context of 3-dimensional data, and how our proposed method counteracts these weaknesses.

One of the reasons global normalization is hard to do correctly, is that there is no clear answer to
the question "by what amount should the distances in the graph be normalised?". One could choose
anything from fitting the entire mesh into a [0, 1]? cube, to dividing every distance by the maximum
distance in the graph. The problem with these approaches is that they are highly sensitive to outliers. If
for example, we have a single node that was mistakenly added far away from the correct mesh, both of
the aforementioned methods would fail to correctly scale the model. If we tried to fit the model inside a
[0, 1]2 cube, the outlier would cause the model to be squished down into a smaller section of space than it
would have been if the incorrect point was not present, essentially producing an incorrect result due to a
single wrong input node. If we consider dividing the lengths of the edges by the length of the maximum
edge, the same problem would arise. If we have a single node that is far away from the main object,
the lengths of all the edges of the correct object will be divided by the length of the incorrect edge that
connects the noise node to the rest of the mesh. This will result in the edges of the mesh being shorter
than they would have been if the incorrect node was not present.

Dividing by the maximum length is in some sense even worse than fitting the entire model in a cube,
because there could be a great amount of variation in the lengths of the edges. For example if an object is

"rounder”, it will most likely consists of shorter and more numerous edges that will try to approximate a

12
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circular shape. If the object has large flat surfaces, they could be defined by just 4 nodes connected by a
few long edges. The problem is that the longest edge in the mesh, even if no outliers are present, highly
depends on the level of detail the model is trying to encapsulate. If we have have only curved surfaces,
the maximum distance will be small, and the curved surfaces would be represented as much larger than
they would be, if larger flat surfaces would also be present in the model. One could try to alleviate
this by using the median or mean length instead of the maximum, but there’s no reason to believe that
would yield a better result, because there’s no guarantee that the lengths of the edges lie on an unimodal
distribution. If for example 70% of the edges belonged to large flat surfaces and 30% to round surfaces,
the median would still be an edge belonging to a flat surface, whose length will most likely be a lot larger
than its round surface counterparts.

The problems we just discussed arise when we try to scale a single object using these preprocessing
mechanism. The situation becomes even more complicated when we introduce multi-object scenes, like
rooms or city streets. If we have even just 2 objects in a scene, by trying to fit both of them into a [0, 1]3
cube, the larger object will cause the smaller object to be scaled down much more than it should be. If we
try to divide all the edges by the length of the maximum edge, the object with the longest surface would
cause the other object to be scaled down more than it would have been on its own. If we try to divide
the edges by the median or mean length we run into the same problem as with applying this method for
a single object. The lengths of the edges are not guaranteed to lie on an unimodal distribution, if shorter
and more numerous edges that approximate rounder surfaces dominate, they would scale up longer edges
that belong to flatter surfaces out of proportion. If longer, flat surfaces dominate, they would squish down
the finer, shorter edges more than they should be. This problem is only exacerbated by how different the
level of detail of the 2 objects can be. The less similar the granularity of the 2 objects’ edges is, the more
different the final scaling result will be compared to what would have been obtained if they were scaled
individually.

We could attempt to apply semantic segmentation to the scene in order to treat each object of the
scene individually, but that is usually achieved by using graph neural networks, so the network attempting

to segment the scene would suffer from the same scale biases that we are trying to eliminate.
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Chapter 4

Scale Invariant Architecture

In order to overcome the shortcomings we enumerated in the previous chapter, we propose a model that

uses local, neighborhood-based normalization instead of global normalization.
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Figure 4.2: Neighborhood of 2 nodes and their distances after local normalization.

Figures 4.1 and 4.2 illustrate the manner in which the neighborhood-based normalization is applied

when considering an edge between a node « and a node 5. When being applied to an edge «f3, the
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normalization works by dividing the length of the edge by the maximum length found within node a’s
and node (3’s neighborhoods. In the 2 figures we mentioned previously, the neighborhood of node « is
marked with blue, the neighborhood of node 8 with red and the common edge with purple. The numbers
shown on the edges indicate the distance between the 2 nodes that are connected by it. In this example,
the edge with the maximum length is the edge with length 5, found within node 3’s neighborhood. We
will take this value and divide the length of the edge a3 with it.

The only edge that is affected by this normalization is the edge contained between the 2 nodes whose
neighborhoods we take into consideration. The neighborhood used to compute this normalization factor
will be different for an edge than for another. As a result, we will repeat this neighborhood normalization
step for every edge in the graph, by changing « and 3 to the nodes located at the ends of each edge.

We use this method to obtain scale invariant edge lengths. The reason this property arises is that if
we consider a constant ¢ by which the mesh could be scaled, all the lengths of the edges in the mesh will
be scaled by that amount. By dividing the query edge by another edge in its neighborhood (in our case

the longest one) the constant ¢ gets reduced in the process:

c-aﬁZ%

c-m m

This approach also solves the problems that arise when using global edge-length normalization or
bounding-box normalization. Our approach is noise-resistant, as the only edges that influence the nor-
malization process are the edges adjacent to the ends of the edge taken into consideration. In the case
that a noise node or an outlier is present in the input data, the only nodes that will be affected by it will
be at most 2-hops away. Using this method is also helpful in dealing with scenes composed of multiple
objects. Assuming that 2 distinct objects are only connected at their contact points (locations in which
the objects touch), the only nodes that will suffer from this confusion will be at most 2-hops away from
the objects’ boundary. This assures us that the nodes located more inward of the object’s shape will not
be affected by other objects that may be present in the scene. Using this method, we can independently
handle objects with different levels of detail without the need of actually performing scene segmentation.

Having devised a way to obtain scale invariant edge lengths, we continue by incorporating our
method into an existing convolution block that contains rotation and translation invariance/equivari-
ance. We chose to extend the convolution block introduced in [Satorras et al., 2021] because it uses
node distances as a rotation/translation invariant feature. This can naturally be extended with our scale
invariant, locally normalized edge lengths, to obtain a model that is invariant to rotation, translation
and scaling at the same time. The model splits the node information into 2 categories: spatial informa-
tion (node positions) and non-spatial information (node attributes). The convolution block applies an
invariant transformation to the non-spatial information and an equivariant transformation to the spatial
information. We extend the invariant transformation to also incorporate scale invariance, by applying
the local normalization described previously to the edge lengths. By extending the invariant feature with
scale invariance, we implicitly extend the equivariant features with scale equivariance.

The original convolution block introduced in [Satorras et al., 2021] can be described as follows:
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mi; = ¢e(hi, B, ||si — s501%) @.1)
1
+1 1 l 1 1
i =St MW]EZN.(Si = 85)0s(mij) 4.2)
my =) _m “3)
i = ¢ (hl,m) (4.4)

The convolution block uses the message passing technique to propagate information from one node to
another. The message passed from node j to node ¢ at layer [ is computed using formula 4.1. The message
is composed of the non-spatial information of node ¢ (hi-) concatenated with the non-spatial information
of node j (hé-) and the squared distance between the spatial components of node ¢ (sﬁ) and the spatial
components of node j (sé-) at layer [. The vector obtained by concatenating these elements is then passed
through a learnable, non-linear function approximated by a feedforward neural network. Note that the
only spatial information used here is the squared distance between the 2 nodes. The squared distance has
the property that rotation and translation transformations applied on 2 points will always yield 2 points
that are the same distance apart. This makes the message passed translation and rotation invariant.

After the messages have been computed, the spatial information is updated using equation 4.2. The
I+1

position of node 7 at layer [ + 1 (s;" ) is obtained by shifting the position of node 7 at the previous layer

(sé) away from each of its neighbors by an amount decided by a learnable function (¢s). The input to the
¢s function is the message passed by each neighbor to the node. The amount the node is moved away

from each neighbor is divided by the number of neighbors of the node (card(N;)). We discussed earlier

!
ij

other spatial information used here is the position of the node at the previous layer sé and the direction

that the message m; . is obtained by applying an operation that is rotation and translation invariant. The
from each neighbor towards the node (s; — s;). If we apply a translation or rotation transformation to
the inputs, the positions of the nodes and the directions from one node to another will be rotated and/or
translated by the same amount. This will result in an output that is translated or rotated by the same
amount as the input, making the operation translation and rotation equivariant.

The non-spatial information of node ¢ at layer [ + 1 is computed using equation 4.4. The new non-
spatial information is obtained by concatenating the non-spatial information from the previous layer
hé with the sum of all the messages passed to node ¢ from its neighbors, and passing the combined
information through a learnable function (¢,,). We have seen that the messages from one node to another
are computed using a translation and rotation invariant operation. There is no other spatial information
involved in this transformation, which means that this operation is translation and rotation invariant. We
will later use this property to build a model that is invariant to these 2 operations.

We take advantage of this convolution block and extend it to also include scale equivariance for the

spatial information and scale invariance for the non-spatial information:
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M} = maz({||s} — s}|1%, Vi € Ni}) (4.5)
mi; = e (hﬁ, hk, m> (4.6)
sl =si+ m@ﬁ%(sé — s})s(mly) @7
mﬁ = Z mﬁj 4.8)

it = ¢, (R, ml) (4.9)

In order to extend the graph convolution layer with scale invariance/equivariance, we introduce a
scale propagation layer that comes before every graph convolution layer. The scale propagation layer
computes the maximum squared distance from each node to the nodes in its neighborhood, as seen in
equation 4.5.

Our graph convolution block uses a similar message passing approach as [Satorras et al., 2021]. The
key difference is the introduction of neighborhood-based normalization in the message passing compu-
tation, which can be seen in equation 4.6. The message from node j to node ¢ at layer [ is computed by
applying a non-linear, learnable function (¢.). The input to this function is the non-spatial information
of node 7 (hé) concatenated with the non-spatial information of node j (hg) and the squared distance be-
tween the spatial components of node ¢ and node j normalized by the maximum squared distance within

node ¢ and node j’s neighborhoods
s — s
mazx (M}, M jl) '

112
il

This is the key ingredient in achieving scale invariance. If the graph’s spatial components are scaled, the
maximum distance will be scaled as well, so the final result is identical. As earlier, if we apply a rotation
and/or a translation transformation to the spatial information, the squared distances will not change, thus
making the message computation translation, rotation, and scale invariant.

The spatial components at the next layer are computed in the same way as in the original convolution
block, as seen in equation 4.7. We have already discussed that this operation is translation and rotation
equivariant, but by making the messages passed from one node to another scale invariant, we can see
that it also becomes scale equivariant. This follows from the fact that by scaling the node’s positions, the
position differences and thus the final result are scaled by the same amount. This means that by scaling
the inputs, the outputs are scaled in the same way, which makes the operation scale equivariant.

The non-spatial components at the next layer are computed by applying a learnable, non-linear func-
tion (¢,) to the non-spatial components at the current layer (hli) and the sum of all the messages from a

node’s neighbors to itself. We have discussed that the message computation is rotation, translation, and
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scale invariant. There is no other spatial information involved in this operation, thus making it rotation,
translation, and scale invariant as well. We will use this property when building a model that is invariant

to these 3 transformations.

- spatial - updated spatial
information Information
- non-spatial inf. - updated non- Drop mean Feed
Graph spatial inf. Spatial Mean node | Forward
Convolution Information ~ Pool | features | Network

class logits
Ei@ = = = =H= =H

H_J
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Figure 4.3: Rotation & translation invariant network architecture
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Figure 4.4: Rotation, translation & scale invariant network architecture

In order to build networks that are invariant to translation and rotation, we will use the graph convo-
lution block introduced in [Satorras et al., 2021]. The network architecture can be seen in figure 4.3. We
take advantage of the fact that the operations applied to the non-spatial information are translation and
rotation invariant, and the operations applied to the spatial information equivariant. We need the convo-
Iution blocks to produce an invariant result, so after performing n convolution steps, we will completely
drop the spatial information. This leaves us with only the non-spatial information, which is produced us-
ing invariant operations. After performing the graph convolutions, we apply a mean pool to aggregate all

the nodes’ features into a single vector. The mean node features are then passed through a feed forward
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network to obtain the output class logits.

Similarly, we use our convolution block to produce networks that are invariant to rotation, translation,
and scaling. The network architecture can be seen in figure 4.4. We take advantage of the property that
the non-spatial information is computed using operations that are invariant to these 3 transformations,
and after performing n graph convolution steps, we discard everything but the non-spatial information.
We then apply a mean pool to reduce the node features into a single vector and pass it to a feed forward

network. Proofs for the invariance and equivariance of our convolution block can be found in chapter 6.
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Chapter 5

Performance Degradation Under Geometric Trans-

formations

The ShapeNet dataset [Chang et al., 2015] is a 3d model dataset aggregated from smaller 3d object
repositories. The meshes contained in the dataset are richly annotated, each object being linked to the
related WordNet [Miller, 1995] synset and ImageNet [Deng et al., 2009] images. The objects also have
other associated metadata, like physical attributes and function. ShapenNetCore is a subset of this dataset
that only contains single objects grouped by class, without additional annotations. The dataset is made
up of a large amount of examples, containing a grand total of 51300 meshes grouped in 55 categories.
We used the ShapenNetCore dataset for conducting our experiments. Out of the 55 classes, we picked
the 2 most populated ones, the couch class and the airplane class. Examples of models contained in the
2 classes can be seen in figure 5.1 and figure 5.2. We only picked 2 out of the 55 classes for 2 reasons.
On one hand, only processing 2/55 parts of the dataset helped us shorten the training time, which was
extremely long even in this scenario due to hardware restrictions. On the other hand, it allowed us not to
deal with the discrepancies in the number of examples across the dataset’s categories. While some had
thousands of examples, others had only hundreds. Our main goal was to demonstrate the effects of scale
variations, not to deal with imbalanced classification problems.

We tested the performance of a neural network architecture that used a different type of convolution

block in each test scenario. The graph convolution blocks used in the experiments are the following:

Edge convolution block, introduced in [Wang et al., 2019] (has no invariance/equivariance)

Graph attention block, introduced in [Veli¢kovic et al., 2017] (has no invariance/equivariance)

E(n) equivariant block, introduced in [Satorras et al., 2021] (has rotation and translation invari-

ance/equivariance)

Our implementation (has rotation, translation and scale invariance/equivariance)

The experiments involved testing each model variant on inputs transformed using different combi-
nations of rotations and translations, and different combinations of rotations and scaling factors. In the

first scenario, the models were tested by randomly rotating and translating the meshes. The rotations
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varied from no rotation up to anything between 0 and a complete rotation on each axis. In combination
with these rotations, the meshes were also translated in a random direction by an amount between 0 and
a maximum that ranged from O up to 40 units. As a reference point, the unchanged models are scaled

within a [—0.5, 0.5]% bounding box and centered at 0.

Figure 5.1: Airplane model examples

Figure 5.2: Couch model examples

The second set of experiments is similar to the first. We randomly rotated the meshes by an amount
that varies from O to an upper bound, but instead of translating them we scaled them by a constant. This
constant ranges from 1 (the mesh is not scaled) up to 5 (the mesh is 5 times larger).

The general network architecture we used in the experiments is described in the previous section.
We used n = 5 convolution blocks, where the first block outputs node embeddings of size 16 and
the next 4 blocks output node embeddings of size 20. After the 5 convolution blocks, we applied a
mean pool and passed the aggregated node features to a feedforward neural network. In the case of
the 2 convolution blocks that feature invariance, we dropped the spatial information before proceeding

with the feedforward network. This step was taken because the spatial information was equivariant, not
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invariant, and we wanted to produce an invariant network architecture. The feed-forward network has
3 layers, 2 with output size 256 and one with output size 2 (the number of classes), and uses the ReLU
(rectified linear unit) activation function.

Starting off with the baseline models, we will describe the experimental results for the network vari-
ant that used the edge convolution block introduced in [Wang et al., 2019]. The first test scenario involves
randomly rotating and translating the input mesh in order to observe the performance degradation caused
by these transformations. We can see the results of this test in figure 5.3a. The rows represent the range
in which the mesh was randomly rotated and the columns the range in which it was randomly translated.
When evaluating the examples from the test set without applying any geometric transformations, the
network obtained an impressive 97% accuracy. As soon as we started shifting and rotating the inputs
however, the performance dropped to 57 to 73%. A small rotation of less than 45 degrees was enough
to drop more than 20 percentage points off the network’s accuracy. The same effect is observed for just
translating the model without applying any rotation. Applying a rotation and a translation at the same
time does not seem to make the network perform worse than just rotating or translating the inputs. In the
second scenario, the model was tested on inputs that were randomly rotated or scaled by a constant. The
results of this test can be seen in figure 5.3b. The rows of the matrix represent the range in which the
mesh was randomly rotated and the columns the constant by which they were scaled. Just rotating the
inputs yielded a similar degradation as in the previous test case, but scaling the meshes proved to be an
even bigger challenge for the model. Scaling the meshes by only 2 times dropped 20% off the model’s
performance, while scaling them more made the model degenerate to something close to randomness,
making it completely useless as a result. Combining the rotations with the scaling only made things
worse, as seen on the 2-nd column of the matrix.

Moving on to the next network variant, we will examine the experimental results for the graph atten-
tion network block introduced in [Velickovic¢ et al., 2017]. The accuracy for the unchanged inputs in the
test set is lower than that of the previous model, with just 89% instead of 97%. The results of the rotation
and translation test for this model can be seen in figure 5.4a. Rotating the inputs yielded a lower perfor-
mance degradation than in the previous case, but it is still a substantial one, ending up at approximately
the same performance. Translating the inputs completely disorientated the model, making it degenerate
to random choices. The results for the rotation and scaling test can be seen in figure 5.4a. The model
performed badly here as well, but not as bad as the edge convolution model. Scaling the input up to 2
times yielded almost no performance degradation, but that didn’t hold true for higher scaling constants.
When applying both rotations and scaling the model also degenerated to random choice.

Having discussed the baseline models, we will now look at the models that are invariant to 2 or
all 3 geometric transformations. We used the E(3) equivariant/invariant convolution block introduced
in [Satorras et al., 2021] to build a network that is invariant to rotation and translation. The model’s
performance for the unchanged inputs was decently high, having an accuracy of 92%. The results for
the rotation and translation test can be seen in figure 5.5a. As expected, the model’s performance did
not degrade when the inputs were transformed using operations from within its symmetry group. The

performance stayed constant no matter by what amount we rotated or translated the inputs. Moving
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Figure 5.3: Edge convolution block, no invariance [Wang et al., 2019]
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Figure 5.4: Graph attention block, no invariance [Velickovi¢ et al., 2017]
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Figure 5.5: E(3) block, rotation and translation invariance [Satorras et al., 2021]
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Figure 5.6: Our block, rotation, translation and scale invariance

forward to the other test case, the results of the rotation and scaling test can be seen in figure 5.5b.
The network was able to cope with a scaling factor of up to 2 times by only incurring a 9% performance
degradation. When increasing the scaling factor further however, the model started to predict the opposite
class. This can be explained by the fact that the invariant feature used by the network is the length of
the edges. By increasing these lengths by more than 3 times, the new domains of the edges might
have intersected with the unscaled domains of the opposite class, having as a result repeated incorrect
predictions.

Lastly, we will evaluate the model variant that uses the convolution block introduced in our work,
a convolution block that is invariant/equivariant to rotation, translation and scaling at the same time.
We only used the invariant outputs of the convolution layers to produce an invariant network. The
performance obtained by the network on the unchanged inputs is 78%, which is slightly lower than the
previous model, but still decently good. The drop of performance can be attributed to the loss of the scale
information. By applying the proposed local, neighborhood-based normalization to the edge lengths, we
lost sight of the global scale information. In figure 5.6a we can see the results for the rotation and
translation test, and in figure 5.6b the results for the rotation and scaling test. The network maintained
a constant performance across all input variations, demonstrating the correctness of our approach. The
results of the network were the same no matter how the inputs were rotated, scaled or translated.

The experiments were implemented using python, pytorch and torch geometric. The training was
conducted using the Adam optimizer with a batch size of 1 and the logit cross entropy loss function. The
inputs were randomly split into a 60/20/20 training, cross-validation and test set. In order to run the code

for the experiments, the following steps need to be taken:
— Install CUDA 12.1 and Python 3.8.10 or later.

— Download and unarchive the ShapeNetCore dataset, and set the DATASETS_ROOT environment

variable to the parent directory of the dataset.

— Install the project dependencies:
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% python3 -m venv venv
* source venv/bin/activate

¥ pip install -r requirements.txt
— Train the models: python3 main.py
— Run the input transformation tests: python3 test_random_transformations.py

The output of the scripts will be stored in a directory called data in the project folder. Each model’s
weights and experimental results will be located in a separate subdirectory. The models are very compu-
tationally intensive. The training was conducted on an Nvidia GeForce GTX 1080 with 8 gigabytes of
VRAM, so something at least that powerful is required to run the code. Moving on from the experimental

results, we will continue by proving the correctness of our method in the next chapter.
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Chapter 6

Invariance & Equivariance Proofs

In this chapter we will use the following notation:

Symbol | Meaning

S spatial components of the convolution block’s input
h non-spatial components of the convolution block’s input

fs the operation applied to compute the spatial components at the next layer
fn the operation applied to compute the non-spatial components at the next layer
R any rotation matrix
t any vector of same dimensionality as s
c any scalar

Vv the set of nodes in the graph

mij the message passed from node j to node ¢

M; the maximum squared distance from node ¢ to any of its neighbors

N; the neighbors of node ¢

5Tt any of the above after the rotation R was applied to the spatial input

x! any of the above after a translation by ¢ was applied to the spatial input
*C¢ any of the above after the spatial input was scaled by ¢

O« a learnable non-linear function

6.1 Rotation Invariance & Equivariance

In this section we are going to prove the following:

— The transformations applied by any number of convolution blocks to the non-spatial components
of the input nodes are rotation invariant.

— The transformations applied by any number of convolution blocks to the spatial components of the

input nodes are rotation equivariant.

We will prove by induction that after any number of stacked convolution blocks, the value of s at

the next layer fs(s,h) is rotation equivariant, and the value of h at the next layer f(s,h) is rotation
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invariant. We will achieve this by assuming that the input s is rotation equivariant and the input A is
rotation invariant. Before proving that s and h preserve these properties at any layer, we first need to
prove that this assumption holds for the inputs of the first layer. Because s is the geometric information
of the input nodes, applying a rotation to the graph will be equivalent to applying a rotation to s, making
s rotation equivariant at the first layer. The rest of the node information £ is not changed by the rotation,
so the input A is rotation invariant at the first layer. Moving forward we will prove that the spatial output
of any layer fs(s, h) is rotation equivariant, and the non-spatial output of any layer f5,(s, h) is rotation
invariant, by using the assumption that the input s is rotation equivariant, and the input h is rotation
invariant.

In order to prove that the operations applied to the non-spatial components are rotation invariant we
need to show that f3,(s, h) = fr(Rs, h). Applying the convolution block to all the nodes in the graph is
equivalent to applying it to one node at a time and concatenating the results, as seen in equation (6.1).
The non-spatial output for a single node is computed using equation (6.2). For any node ¢, the message
m; is equal to the sum of all the messages passed from a node’s neighbors to itself, as seen in equation
(6.3). The message from a node j to a node 7 is computed using formula (6.4). We already assumed that
h; and h; areQrotation invariant, so in order to prove that m;; is rotation invariant we only need to show
that 5=l

max(M;,Mj)
computed using formula (6.4).

has this property. The maximum squared distance within a node’s neighborhood M; is

fu(s, h) = [fu(si, hi)li € V] 6.1)
Tu(si, hi) = dn(hi,my) (6.2)
mi= Y m (6.3)
JEN;
" N\ maz(M;, M) :
M; = maz({||s; — s;]|*,Vj € N;}) (6.5)

We will begin by showing that M Z»R, the maximum squared distance under a rotation, is equal to the
maximum distance in the unaltered input M;. We obtain MZ»R by substituting s; with Rs; and s; with Rs;
in equation (6.5). We can see that by using the property that the distance between 2 points is not altered
by a rotation, ||z — y|| = ||Rx — Ry||, we can easily deduce that M]* = M;, as shown by equation (6.6).

MPE = maz({||Rs; — Rs;||*,Vj € N;}) = max({||s; — s4||%,Vj € N;}) = M; (6.6)

)

After proving that M; is rotation invariant we will move on to show the same for m;;. We obtain
mf} by replacing s; and s; with Rs; and Rsj, and by replacing M; and M; with MiR and M jR in
equation (6.4). In equation (6.7) we made use of the property that the distance is preserved under rotation

(||z — y|| = ||Rx — Ry||) and the equivalence of M to M; and of MJR to M, to prove that mf} = mij.
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R _ o lIRsi— Rsjl|” ) _ sl N
mi; = Ge <h17 hja maX(MZ-R, MJR) = ¢e | hi, hja max(Mi, Mj) = My; (6.7)

By using the rotation invariance of m;;, it is easy to show that m; is also rotation invariant, as seen
in equation (6.8). Having proven that m; is rotation invariant, we use the assumption that h; is rotation
invariant to demonstrate that the operation applied to a single node is rotation invariant as well, as seen
in equation (6.9). By combining this result with definition (6.1) we can see that the non-spatial output of

the convolution block is rotation invariant, as shown in equation (6.10).

mZR = Z mff} = Z mij = my (6.8)

JEN; JEN;
fn(Rsiy hi) = ¢n(hiymP) = ¢ (hiymi) = fu(si, hi) (6.9)
fh(RS,h) = [fh(RSZ,hZ”Z S V} = [fh(si, h,)‘l € V] = fh(S,h) (6.10)

To prove that the convolution block is rotation equivariant with regard to the spatial information we
need to show that fs(Rs,h) = Rfs(s,h). We begin by breaking down the entire transformation as a

composition of the transformation applied to each input node, as seen in equation (6.11). The operations

R
]

by substituting the argument s with its rotated version we can see that applying a rotation to the input

performed on a single node can be seen in equation (6.12). We have already proven that m;; = m;;, so

yields the same rotation to the output, as seen in equation (6.13).

fs(s,h) = [fs(si, hi)li € V] (6.11)
1
fs(5i7 hz) =S; + m Z (Si — sj)gbs(mij) (6.12)
Y jEN;

fs(Rsi, hi) = Rs; + Cardlw > (Rs; — Rsj)ps(m]])

JEN;
1
= Rs; + card(N;) % R(si — s5)¢s(mij)
1
1
=R\ s+ Card(]Vi)jEZN,(Si - 3j)¢8(mij)
— Rfu(s1, hy) (6.13)
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Taking this result and combining it with definition (6.11), we can see that applying a rotation to
the input will give rise to the same rotation in the output, as shown in equation (6.14). This makes the

operation applied to obtain the spatial output rotation equivariant.

Fo(Rs, h) = [fs(Rss, hi)li € V] = [Rfs(si, hi)li € V] = Rfs(s, h) (6.14)

Relations (6.10) and (6.14) were proven using the assumption that A is rotation invariant and s is
rotation equivariant. We have already shown that this property holds for the first layer, and by proving

that the same holds for layer /41 by assuming these properties for layer [ the induction proof is complete.

6.2 Translation Invariance & Equivariance

In this section we are going to prove the following:

— The transformations applied by any number of convolution blocks to the non-spatial components

of the input nodes are translation invariant.

— The transformations applied by any number of convolution blocks to the spatial components of the

input nodes are translation equivariant.

We will use a similar assumption as in the previous section in order to prove these properties by in-
duction. We will assume that the input s is translation equivariant and the input A is translation invariant.
Using this assumption we will prove that the value of s at the next layer f(s, h) is translation equivariant
and the value of h at the next layer fj,(s, h) is translation invariant. Before moving on to proving that if
these properties hold for layer [, they will also hold for layer [ + 1, we will begin by proving them for
the first layer. For the first layer, the value of s is the geometric information of the graph and the value
of h is the non-geometric information. Applying a translation to the graph will cause s to be translated,
which makes it translation equivariant. Applying a translation will not change h because it is not part of
the geometric properties, which makes h translation invariant.

In order to prove that the convolution block is translation invariant with regard to the non-spatial
components we need to show that f5(s,h) = fn(s + t, h). In equation (6.15) we define the operation
applied on the entire graph as the concatenated results of the same operation applied on each node
individually. The result of each node operation is given by equation (6.16). The input h; was already
assumed to be translation invariant, so we only need to show that m; is translation invariant. The value
of m; is equal to the sum of all the messages from the neighbors of node ¢ to itself, as shown in equation
(6.17). Each message is computed using formula (6.18). h; and h; have already been assumed to be
translation invariant, so we have left to prove that the fraction mL‘L‘;’(_TSjHAZ)

to prove the same for the entire message. The value of M; is given by the maximum squared distance

is translation invariant in order

within node ¢’s neighborhood, as seen in equation (6.19).

fu(s,h) = [fn(si, hi)li € V] (6.15)
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In(sishi) = én(hi,m;) (6.16)
m; = Z mij (6.17)
JEN;
llsi — sl
ij = Pe | iy hjy ——5 6.18
mij = ¢ < J max(M;, M;) ( )
M; = max({||s; — s;]|*,Vj € N;}) (6.19)

We will begin by showing that M; is translation invariant. We obtain M/ by replacing s; with s; + ¢
and s; with s; + ¢ in equation (6.19). In equation (6.20) we can see that by applying this substitution the

subtraction of s; from s; reduces the term ¢ and produces the same result as M;.

MY = maz({]|(s: + ) — (s + DI V) € Ni}) = ma({lls; — 5512, Vj € Ne}) = My (6.20)

Having proven that M; is translation invariant, we will continue to show the same for m;;. We obtain

mgj by taking equation (6.18) and replacing s; with s; + t, s; with s; + ¢, M; with M} and M; with M]t

We then use the result that M; is equal to Mzt to obtain an equivalence relation between mfj and m;;,

as shown in equation (6.21). Like in the previous case, subtracting s; from s; annulled the term ¢ and

yielded the same result.

i+ 0) = (55 + O i — 511
i =9 ( T aw (MY, MY ¢ n) @20

mb=>"mb =3 mi=m (6.22)

JEN; JEN;

fr(si +t,h) = ¢n(hiyml) = dn(hiymi) = falsi, i) (6.23)

By proving that m;; = mgj, it naturally follows that m; = m, as seen in equation (6.22). Using this
result we go on to show that fy,(s; + ¢, h;) = f(si, h;) in equation (6.24). Using definition (6.15), we
obtain the result that the convolution block is translation invariant with regard to the non-spatial output,
with the assumption that s is translation equivariant and h is translation invariant, as seen in equation

(6.24).

fu(s+t,h) = [fu(si +t,hi)|i € V] = [fn(si, hi)li € V] = fa(s,h) (6.24)

To demonstrate that the convolution block is translation equivariant with regard to the spatial infor-
mation we need to show that fs(s + t,h) = fs(s, h) + t. We begin by defining the operation applied on

the entire graph as the concatenated results of the operation applied on each node individually, as seen in
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equation (6.25). The operation applied on a single node is defined in equation (6.26).

fs(s,h) = [fs(si; hi)li € V] (6.25)
1
Folow i) =2+ oy 2 (o= )n(my) (626)

We have already proven that m;; is translation invariant. By substituting s; with s; + ¢, we can see
in equation (6.27) that applying a translation to the input is equivalent to applying the same translation

to the output, which makes the operation translation equivariant.

fs(si+t h)=s+t+ Ca?“C;(Ni)J;,((Si +1) = (sj + t>)¢s(m§j)

1
=s+t+ ml(]Vi)j.eZN_(Si — Sj)d)s(mij)
=t+ fs(si, hi) (6.27)

Combining this result with equation (6.25) we can see that the spatial output of the convolution block
is translation equivariant, based on the assumption that s is translation equivariant and A is translation

invariant, as shown in equation (6.28).

Fo(s 1, h) = [fs(si + th)|i € V] = [fs(si, hi) +t]i € V] = fo(s +t,h) +t (6.28)

Having already proven that h and s are invariant and respectively equivariant for the first layer, by
proving that A is invariant and s is equivariant at layer [ + 1 if the same is true for layer /, the induction

proof is complete.

6.3 Scale Invariance & Equivariance

— The transformations applied by any number of convolution blocks to the non-spatial components

of the input nodes are scale invariant.

— The transformations applied by any number of convolution blocks to the spatial components of the

input nodes are scale equivariant.

We will use another induction proof to show that any number of convolutions are scale invariant with
regard to the non-spatial output, and scale equivariant with regard to the spatial output. We will assume

that the input A is scale invariant and the input s is scale equivariant, and we will prove that the values of
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h and s at the next layer, given by the functions f,(s, h) and fs(s, h), are scale invariant and respectively
equivariant.

In order to prove that the convolution is scale invariant with respect to the non-spatial information,
we need to show that fy, (s, h) = fr(c-s, h). We begin by breaking down the operation performed for the
entire graph into the concatenated results of the same operation applied on every node of the graph, as
seen in equation (6.29). The non-spatial output for a single node is given by relation (6.30). We already
assumed that h; is scale invariant, so we only need to prove the same for m;. m; is equal to the sum of all
the messages received by node 7 from its neighbors, as seen in equation (6.31). Equation (6.32) defines
the computation of the message from node j to node 7. We assumed that h; and h; are scale invariant,
so we only have to prove that the fraction is as well. The maximum squared distance M; within node ¢’s

neighborhood is defined in equation (6.33).

fu(s, h) = [fu(si, hi)li € V] (6.29)
fn(si, hi) = dn(hi, m;) (6.30)
mi= Y m 6.31)
JEN;
1] e 19 17, max(Mi,Mj) .
M; = mazx({||s; — s4|[%,Vj € Ni}) (6.33)

We obtain the expression for M by substituting s; with ¢ - s; and s; with ¢ - s; in equation (6.33).

We then proceed to rewrite M, as an expression of M; and c in equation (6.34).

Mf¢ =max({||c-s; —c- Sj||27Vj € N;})
= max({c*||si — s;|1*,Vj € Ni})
= *maz({||s; — 55|,V € Ni}) = & M; (6.34)

ot i
i

, ||C'Sz‘—0‘3j|!2>

7" maz(c2M;, 2 M)

Pl
U e2max(M;, M)

Il
<
o)
/\/\/;\/\
>

o e.l]2
hi, h; HSS]”)> = my (6.35)
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In equation (6.35), we obtain the message after scaling m;; by replacing s; with - s; and s; with c- s;
in formula (6.32). We then use the previous result to substitute M with ¢*M; and M{ with ¢*M;. The
scaling constant ¢ gets reduced in the fraction, resulting that mf; = m;; no matter what scaling factor
we choose.

Extending this result to the aggregated message, we can see that m§ = m;, as shown in equation
(6.36). We then use the invariance of the aggregated message and the invariance assumption of A to
demonstrate that the operation applied to a single node is scale invariant, as seen in equation (6.37). We
extend this result to prove that the non-spatial output for the entire graph is scale invariant, as shown in
equation (6.38).

m; = Z mg; = Z myj = My (6.36)

JEN; JEN;
fulc - siyhi) = ¢n(hiymi) = ¢n(hi,mi) = fa(si, hi) (6.37)
fh(c . S,h) = [fh(c -+ Si, hl)yl S V] = [fh(sz,hl)h S V] = fh(s, h) (6.38)

To demonstrate that the convolution block is scale equivariant with regard to the spatial information,
we need to show that fs(c - s,h) = ¢ - fs(s,h). We begin by breaking down the spatial output of the
entire graph into the concatenated outputs of each inidivdual node in equation (6.39). The spatial output

of a single node is computed using formula (6.40).

fs(s,h) = [fs(si, hi)|i € V] (6.39)
1
fs(sishi) = s; + m Z (85 — 55)Ps(mij) (6.40)
Y jEN;

In equation (6.41) we obtain the scaled spatial output by replacing s; with ¢ - s;, s; with ¢ - s; and
m;; with mfj in formula (6.40). Using the result that mfj = m;;, the assumption that % is scale invariant
and s scale equivariant, we obtain the result that the spatial output of the convolution block is scale
equivariant.

We have proven that the spatial output f is equivariant and the non-spatial output f3 invariant based
on the assumption that the spatial input s is scale equivariant and the non-spatial input A invariant.
In other words, by assuming the equivariance/invariance properties of the input we proved the same
properties for the output. Taking into account that at the first layer h is invariant because it is not a
geometric property, and s is equivariant because scaling the graph corresponds to scaling s, we have

proven by induction that any number of convolution layers will produce an invariant non-spatial output
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and an equivariant spatial-output.

1
fs(c'siahi) =c -8+ card(N') (C S; —C 5])¢s(mz])
Y jen;
1
- ¢ card(Nj;) ]%; ¢ (5= 55)s(myg)
1
=crsite card(N;) GN_(SZ ) 0s(mi)
1
N card(Nj;) GN,(SZ %) s(mij)
= c- fs(si, hi) (6.41)
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Chapter 7

Conclusions

This thesis investigated the ways in which we can make use of the symmetry relationships within the
context of 3 dimensional data to increase a model’s robustness to geometric transformations. The main

objectives of our work were the following:

Find out the performance impact of applying rotations, translations or scaling to a model’s input.

Determine the performance drawback that comes with implementing invariance into a model, and

weigh this drawback against the increased robustness of the model.

Devise a method for obtaining scale invariant features.

Extend previous work by adding scale invariance/equivariance to a rotation and translation invari-

ant/equivariant model.

We met our first objective by testing the performance degradation of previously proposed models and
our own against different combinations of rotations and translations, and rotations and scaling factors.
The experimental results have shown that all of these 3 transformations can have a huge performance
impact on models that do not implement invariance with regard to them. In some cases, the degradation
was so severe that the models degenerated to random choice in predicting the output class. The most
serious degradation however, was usually associated with scaling the input, not rotating or translating
it. This demonstrated that the models can not generalize shapes across scale differences, adding to our
argument for scale invariance. While other architectures failed to deal with the size variations, ours was
not affected by the changes thanks to the scale invariance built into the model.

This series of experiments helped us answer our second research question, which posed the problem
of weighing the performance cost associated with invariant features against the benefit of added model
robustness. While the models that did not incorporate any invariance obtained performance scores of 89%
to 97%, the model that incorporated rotation and translation invariance obtained a best-case performance
of 92%. Adding scale invariance dropped the best-case performance to 78%. The more invariance types
are added, the higher the performance drawback is. This makes sense, because adding invariance to a
certain transformation is achieved by hiding any information that could be changed by the transformation

from the model. This information loss is the main culprit of the performance drawbacks.
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Contrasting this with the performance degradation suffered by the non-invariant models when the
inputs were transformed using rotation, translation or scaling, it is obvious that these models can not
generalize to these input variations. The performance dropped sharply after applying only a small trans-
formation to the inputs, and degraded to randomness when the magnitude of the transformation was large
enough. It is reasonable to conclude that invariance should be used if the inputs are expected to not be
found in a canonical position, scale or orientation, and it should not be if we have guarantees about one
or more of these factors.

Moving on to our third objective, we introduced a local, graph-neighborhood based normalization
technique that served as the key ingredient in achieving scale invariance and equivariance. By only
considering the proportion between an edge and the longest edge found 1 step away in the graph, we
circumvented using the true sizes of the edges, while still keeping in mind the topology they form in a
broader context. In contrast to global scale normalization, our approach is outlier resistant and can be
used in contexts where multiple objects are present in a single scene. One shortcoming of our method
is the loss of the scale information. While useful in some cases, this reduces the information that can
be extracted from the graph, and naturally results in a slightly poorer performance. If the sizes of the
objects are known to vary very little or not at all, it is better to not use our method.

Moving forward to our last objective, we incorporate the proposed local normalization into a model
from the literature that already incorporates rotation and translation invariance/equivariance. We chose
the model proposed in [Satorras et al., 2021] because it uses node distances as a rotation and translation
invariant feature. This can naturally be extended with our local scale normalization method to obtain a
model that is invariant/equivariant to rotation, translation and scaling at the same time. The extended
model performed equally well when presented with unaltered inputs as with inputs that were rotated,
scaled, or translated, demonstrating the correctness of our method experimentally. We have not only
shown the effectiveness of our method by using experiments, but we have also formally proven the
invariance and equivariance properties of the proposed solution.

Achieving these objectives expanded on previous work by both measuring the severity, and providing
a solution for the performance degradation brought upon by scale differences between the training and
evaluation inputs. Our approach maintains the strengths of previously proposed invariant and equivariant
models while also adding the benefit of scale invariance/equivariance. This can be a considerable benefit
in situations where the scale of the given inputs can be expected to vary by a large amount, or in situations
where the true size of the inputs is not known.

A future improvement could be experimenting with different neighborhood sizes. Currently, when
an edge is considered, our method takes into account the maximum length of the edges within a 1-
step neighborhood from the end nodes. Using a neighborhood larger than 1 step away could give a better
approximation for the relative scale of the edge being considered to the rest of the nearby edges. However,
increasing the neighborhood size would also increase the sensitivity of the algorithms to outliers. An
outlier edge will affect all edges that are n steps away, and this effect ripples further as the number of
steps n increases.

One other direction for future work is implementing the neighborhood-based normalization method
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in other models that are only invariant/equivariant to translation and rotation. The only requirement
for our method to be applied there as well is that the model uses the distances between 2 nodes as the
invariant feature. This distance can be then normalized using our approach just like we did for the model
introduced in [Satorras et al., 2021].

Another promising direction is to take these findings from 3-dimensional space back to 2-dimensional
images. We could construct graphs from images by representing image patches with graph nodes and
connecting adjacent patches with edges in the graph representation. If an image could be embedded in
such a graph, we could apply our rotation, translation and scale invariant graph neural network to process
it. This would guarantee that rotating, scaling or shifting a given image would not affect the final output
of the model.

The work we have done here could be looked at in a broader sense as making computers learn by
using reference points. The human mind cannot work with absolute values, whenever we describe some-
thing as large or small, slow or fast, ugly or beautiful, we mean that it’s one or the other in comparison
with something else. No quality can exist in a void, we always need a reference point to compare it
to. That reference point is usually implicit, being represented by what we are accustomed to, but it ex-
ists nevertheless. For example, a tall person in Romania might be short in Sweden. The person is the
same, the only difference is that we use different reference points when assigning that quality. This is
the approach we have taken when building our scale invariant feature. We only looked at how long the
edge is in comparison to the longest edge nearby, not the actual value of the edge’s length. This line of
thinking could be used to build models that imitate us in other regards, not just when considering scale

differences.
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